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Abstract: In this article, a new operation on product fuzzy graphs (PFGs) is pro-
vide; namely corona product. We give sufficient conditions for the corona product
of two PFGs to be complete. We also study the unbiased notion of the class of
PFGs and necessary and sufficient conditions for the corona product to be unbiased
are given.
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1. Background

Graph theory has many applications in mathematics and economics. Since
most problems of graphs are undetermind, it is necessary to handel these facets via
the method of fuzzy logic. Fuzzy relations were introduced by Zadeh [22] in 1965.
Rosenfeld [19] in 1975, introduced fuzzy graphs (simply, FG) and some ideas that
are generalizations of those of graph’s. Now adays, this theory is having more and
more applications in which the informatiion level immanent in the system differ
with various levels of accuracy. Fuzzy models are convenient as they reduce differ-
ences between long-established numerical models of expert systems and symbolic
models. Peng and Mordeson [14] defined the conceptualization of FG’s comple-
ment and conscious FG’s operations. In [21], improved complement’s definition in
order to guarantee the original FG is isomorphic to complement of the comple-
ment, which concur with the case of crisp graphs. In addition, self-complementary
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FGs properties and the complement under FG’s join, union and composition (in-
troduced in [14]) were explored. Al-Hawary [2] introduced the concept of balanced
in the class of FGs and Al-Hawary and others have deeply explored this ides for
many types of FGs. For more on the foregoing concepts and those coming after
ones, one can see [1 2,3,4,5,6,7,8,9, 14, 16, 17, 18, 21].

A mapping t: U— [O 1] is a fuzzy subset of a nonempty set U and a fuzzy subset
of UxU s called a fuzzy relation ¢ on t. We assume that { is reflexive, U is finite
and ¢ is symmetric.

Definition 1. [19] A fuzzy graph (simply, FG), with U as the underlymg set,
is a pair G- ({,<) where t:U— [0,1] is a fuzzy subset and S Ux U— [0,1] is a
fuzzy relation on t such that s(c,s) <t(c)Ai(s) for all ¢, s e U, where A stands for
minimum. The crisp graph of G is denoted by G* : ({*,¢*) where {* = supc(f) =
{c €Ug(c) > 0} and ¢* = supc(s) = {(c,s) €Ux U: ¢(¢,s) > 0}.H = (£,¢) is a
fuzzy subgraph of G if there exists ¢ e U such that { : ¢ — 0,1] is a fuzzy subset
and ¢' 1 ¢ x ¢ = [0,1] is a fuzzy relation on { such that <(c,s) <t(c)Ai(s) for all
c,Ss € cC.
Definition 2. [19] Two FGs G : (11,s1) are isomorphic if there exists a bijection
h .Uy — Uy such that t,(c) =t(h(c)) for all ¢ € Uyand <i(c, s) = w(h(c), h(s)) for
all (¢, s) eE,. We then write G1 ~Gy and h is called an isomorphism.

Using the operation of product instead of minimum, Ramaswamy and Poornima
in [20] established PFGs.
Definition 3. [20| Let G* : (U,E’) be a graph, t be a fuzzy subset of U and s be
a fuzzy subset of Ux U.We call G: (t,¢) a product fuzzy graph (simply, PFG) if
s(c,s) <tlc)i(s) for all ¢,s €U.

The following result is immediate:
Lemma 1. Fvery PFG is a FG, but the converse need not be true.

Definition 4. [20] A PFG G: (1<) s called complete if <(c,s) =t(c)t(s) for all
c,s el.

Definition 5. [20] A PFG G (1,<) is called strong if <(c,s) =U(c)i(s) for all
(c,s) €F.

Definition 6. [20] The complement of a PFG G- ({,<) is G° : ({°,<%) where {* =¢
and
“e,s) = 1(0)t(s) —<(c, 5)
= {(c)i(s) —<(c,s).



Corona Product of Product Fuzzy Graphs 27

Lemma 2. [7] If G: ({,<) is a self-complementary PFG, then

> s =5 3 Hos)

(C,S)EE (c,s)GE

Lemma 3. [7] Let G: ({,<) be a PFG such that <(c,s) = 11(c)i(s) for all ¢,s el.
Then G is self-complementary.

Several types of products of two FGs were explored. The notion of corona
product of FGs was introduced and studied in [11] where the regularity property
for this product was the main idea. In Section 2 of this paper, we launch the
conception of corona product of PFGs. We prove that the corona product of two
PFGs to be is complete if and only if both factors are complete PFG. Section 3 is
devoted to give necessary and sufficient conditions for the corona product of two
unbiased PFGs to be unbiased.

2. Corona Product of Product Fuzzy Graphs

In [13], the corona product G o Gy of two classical graphs G; and Gy is the
graph consisting of one copy of G, of order n and n copies of Gy where the i vertex
of Gy is joined by an edge to the i'® copy of G,. It was proved that corona product
is neither associative nor commutative. In [11], corona product of two fuzzy graphs
where introduced and degrees of vertices was the main goal to study. We begin
this section by defining the rooted product of PFGs.

Definition 7. The corona product of two disjoint PFGs Gy : ({1,51) of order n and
Ga: (f2, %) 18 defined to be the FG Gy oGy : (tr X2, 61 X $2) on the vertex set Uy
union n copies of Us, where

(§1 X §2)(ﬁ1,ﬁ2) = G2 (i 1 “
t(Dta(t2) Gl € B

where E is the set of edges joining each vertex of G; to the vertices of the n
copies of Go.

It is clear that the above definition is well-defined. That is, the corona product
of two PFGs is a PFG.
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Theorem 1. If Gy : ({1,61) and Go : (f2,2) are strong PFGs, then Gy xGs is a
strong PFG.
Proof. Let Gy : (t1,61) and Ga : (f2,<2) be two strong PFGs.

Case 1: If 041, Gﬁll, then as Gy strong,

(§1 X §2)(ﬁ1,ﬁ2) = §1(ﬁ1ﬁ2)
ty (1) (tiz)
= (41 oc to) (1) (ty oc to)(fi2).

Case 2: If 440y € EQ, is similar to case 1.
Case 3: If ;11 € E, then by definition

(1 o< ¢)(fiy, lip) = t;()ta(ti2)

= (1 o< o) (fa) (4 o< to)(tia).

Case 3: If {i;liy € E, then by definition

(§1 X §2)(ﬁ1,1”12) - §1(ﬁ>§2(ﬁ2)
= (1 o< t2)(fa) (ty o< to)(tha).

Thus, G; xGs is a strong PFG.

Corollary 1. If Gy : (f1,<1) and G : (f2,$2) are fuzzy complete PFGs, then Gy <Gy
s a complete PFG.

Next, we show that if the corona product of two PFGs is complete, then at
least one of the two PFGs must be complete.

Theorem 2. If Gy : (t,51) and Gy : (f2,52) are PFGs such that Gy <Gy is
complete, then both Gy or (o must be complete.

Proof. Case 1: If (i1, EEl, then (¢ o ¢2)(({iy,l2) = ¢1(112) and as Gy xGy is
complete,

(§1 X §2)(U17 112)

= (ty o< ) () (4 o tp)(1i2)
b ()t ()

Case2: If 4110, 6]:32, then this case is similar to case 1.

Combining the last Corollary and Theorem, we obtain the following result:

Corollary 2. Gy : ({1,51) and Gy : (f2,2) are fuzzy complete PFGs if and only if
Gy <Gy is a complete PFG.

S1 (ﬁ1ﬁ2)
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An interesting property of complement is given next.

Theorem 3. If Gy : (f1,61) and Gy : (f2,2) are fuzzy complete graphs, then
Gy o< Gy =~ Gy o< Gy -
PI‘OO_f. Let G: (Eaz) - Gl X G27_§Z m; G* - <U7 E>7 Gl : (§17§>7 GT -
(Ui, B1), Ga @ (t2,%2), G = (Ug, E2) and Gy oc Gy @ (f1 octe, S o §). We only
need to show ¢ X ¢ = ¢ x G. For any arc e in E joining nodes of U,we have the
following cases:

The cases 1111y Glél, then as Gy is complete, g(e) = 0. On the other hand
S X (e) = 0 since (iy1iy ¢ E,.

The case 11, GEQ is similar to the above case. The case i1y ¢ El U EQ is not
possible to occur as both Gy and Gs are complete.

In all cases §] X &3 = & X & and therefore, G; oc Gy ~ G, o Go.

3. Unbiased Product Fuzzy Graphs
We begin this section by recalling the definition of unbiased (balanced) PFGs
from [7] and then proving the following lemma that we shall use to give necessary
and sufficient conditions for the corona product of two unbiased PFGs to be unbi-
ased.
2 Y (s(ii)
ek

22 (#(d) A 1(G))

el

(balanced) if d(H) < d(G) for any non-empty product fuzzy subgraphs H of G.

Lemma 4. Let Gy and Gy be PFGs. Then d(G;) < d(Gy xGs) fori=1,2 if and

only if d(Gh) = d(G2) = d(Gr x<Gh).
Proof. If d(G;) < d(Gy xGy) for i = 1,2, then

d(Gy) = 2( Z a1 (tlatiz))/( Z (42 (i) A t1(ti2)))

Definition 8. [7] The density of a PFG is d(G) =

G 1s unbiased

tiy,liae Uy ti1,t2€U1

> 2 ) alfirtia) (i)t () /(Y (ta(t)t ()t (1)t2(ik)
ﬁ1,ﬁ261”’j1 ﬁ1,ﬁ2€[:h
31,92€U2 91,52€U2

> 2 Y alfifia)e(@ii) /(Y (ta(f)t ()t (i1)ta (i)
ﬁ17ﬁ2€§11 ﬁl,ﬁgel:h
41,52€U2 91,52€U2

> 2 Z 61 o< (W gn) (thadiz))/ ( Z (t1 o< to (e, 1) (T2, §2)))
ﬁ17ﬁ2€[;jl ﬁl,ﬁgel;H

91,92€Us2 Y1,y2€U2
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= d(G1 o Gy).

Hence in all cases d(G1) > d(Gy xGz) and thus d(Gy) = d(G; xGs). Similarly,
d(Gz) = d(Gy xGz). Therefore, d(Gy) = d(Gz2) = d(Gy xGz). The converse is

trivial.

Theorem 4. Let Gy and Gy be unbiased PFGs. Then Gy <Gy is unbiased if and
only if d(G1) = d(G2) = d(Ghr < Go).

Proof. If G; «G, is unbiased, then d(G;) < d(Gy «xGy) for ¢ = 1,2 and by Lemma
4, d(Gr1) = d(G2) = d(G1 xG2).

Conversely, if d(G;) = d(G2) = d(G1 xGg) and H is a product fuzzy subgraph
of G; xGy, then there exist product fuzzy subgraphs H; of Gy and Hs of Go. As
Gl and GQ are unbiased and d(Gl) = d(GQ) = ml//ﬁ, then d(Hl) = (Il/bl S ml/kl
and d(Hs) = as/by < my/ky. Thus a1ky + asky < bymy + bymy and hence
d(H) < (a1 +az)/(by + by) < my/k; = d(Gy xGs). Therefore, Gy <Gy is unbiased.

We end this section with the following result which states that unbiased notion
is preserved under isomorphism:

Theorem 5. Let Gy and Gy be isomorphic PFGs. If one of them is unbiased, then
the other is unbiased.

Proof. Suppose G, is unbiased and let h :Ul —>[,jg b“e a bijection such that
() —ta(h() and < (i) = s(A(@R(H)) for all &5 €Uy Now Yo tii) =
D ety be(l) and D owep a(lg) = D gep, @(ly). If Hi = (t1,¢1) is a product
fuzzy subgraph of Gy with underlying set W, then Hs = ({2, <) is a product fuzzy
subgraph of Gy with underlying set A(W) where o (h(11)) =t (1) and ¢ (h(1)h(H)) =
1 (1g) for all 4,y € W. Since Gy is unbiased, d(H;) < d(Gz) and so

9 Dagen, s2(M)h(i)) <9 Dgern, s2(1y)

Yger, (@A) = T3 yer, Ga(®At()” Hence

ZﬁjjeE‘l S1 (uy) <9 ZﬁyeE‘l S1 (uy)
Eﬁ,geﬁl(b(ﬁ) No(¥) — Zﬁ,yeﬁl(§2(ﬁ) N §2(3/))

Therefore, GG is unbiased.

2
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